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1 INTRODUCTION

1 Introduction

The notion of frequency is a key concept in signal processing. In this

e-book you will learn the units for the four commonly used types of

frequency, how these four types of frequency are related, and how

to convert between them. You will also discover several important

differences between continuous- and discrete-time sinusoids. This

knowledge will keep you from making all-too-common errors when

using frequency.

We will study different types of frequency in the context of sinu-

soids because of the important role of sinusoids in signal processing.

The four most common types of frequency and corresponding sinu-

soids are

1) Continuous-time frequency Ω in units of rads/s

x(t) = A cos (Ωt + φ0)

2) Continuous-time frequency f in units of Hz

x(t) = A cos (2πft + φ0)

3) Discrete-time frequency ω in units of rads

x[n] = A cos (ωn + φ0)
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4) Discrete-time, discrete-valued frequency as an index k

x[n] = A cos

(
k

2π

N
n + φ0

)
Here N is parameter that determines the interval between

possible frequencies.

A continuous-time sinusoid is depicted in Fig. 1. This example has

A = 5, f = 0.25, and φ0 = π/3. Figure 2 depicts a discrete-time

sinusoid with A = 3, and ω = π/4, and φ = π/5. Note that the

independent variable n is integer valued.

AllSignalProcessing.com



1 INTRODUCTION

Figure 1: A continuous-time sinusoid.
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Figure 2: A discrete-time sinusoid.
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2 UNITS FOR FREQUENCY

2 Units for Frequency

The argument of trigonometric functions, like sines and cosines, are

angles. We will assume these angles are measured in units of radians.

A sinusoid is obtained from a sine or cosine function when the angle

of the sine or cosine is a linear function of time. For example,

x(t) = A sin (φ(t))

where

φ(t) = Ωt + φ0

describes a continuous-time sinusoid with frequency Ω and initial

phase φ0. Since the angle, φ(t), is in units of radians and time is

measured in units of seconds, the frequency Ω must be measured in

radians/second, or rads/s:

φ(t) = Ωt + φ0

rads =

(
rads

s

)
s + rads

The phase of this sinusoid is visualized by drawing φ(t) as the

angle of a vector in a two-dimensional plane as shown in Fig. 3. The

angle is measured with respect to the horizontal axis with positive

angles represented by counter clockwise rotation. The dashed line

shows the phase angle at t = 0. The phase increases at a rate of Ω
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rads/s, corresponding to the frequency of the sinusoid . As frequency

increases, the phase φ(t) rotates more rapidly. The rotating vector

representing the phase φ(t) is called a phasor.

Figure 3: The phase angle for a sinusoid is a linear function of time.

The sinusoid goes through one period or cycle when the phase

changes by 2π rads.

Frequency f , expressed in units of Hz, defines the number of

cycles of the sinusoid that occur in one second. That is, f is the

number of complete revolutions of the phase φ(t) in a second. Thus,

the units for f are cycles/s. “Cycles” are considered unit less, so

frequency f is measured in units of 1/s or Hz. The phase of the
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sinusoid for frequency f is φ(t) = 2πft + φ0. One cycle in Fig. 3

corresponds to a phase change of 2π radians, so once again the units

are consistent

φ(t) = 2πft + φ0

rads = rads

(
1

s

)
s + rads

The phase angle for discrete-time sinusoids also is a linear function

of time. We may write

x[n] = A sin (φ[n])

where the phase is

φ[n] = ωn + φ0

Time n only takes on integer values, so φ[n] increases in steps of size

ω as n increases as shown in Fig. 4. Since φ[n] has units of radians,

discrete-time frequency ω must have units rads/sample. “Sample”

is usually considered unit less, so frequency ω is measured in units

of rads.

The index version of discrete-time frequency corresponds to set-

ting ω = k 2π
N , so k 2π

N is in units of rads. The index k is also considered

unit less.

Table 1 summarizes the units for each type of frequency.
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Figure 4: The phase angle for a discrete-time sinusoid takes steps of

angle ω.

Table 1: Units for Frequency

Continuous Time Continuous Time Discrete Time Discrete Time

Ω f ω k

rads
s Hz or s−1 rads unit less
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3 Continuous- and Discrete-Time Si-
nusoids

Trigonometry reveals that the height of the rotating phasor describ-

ing the angle φ(t) is a sinusoid, as shown in Fig. 5. As the phasor

Figure 5: The height of the phasor generates a sinusoid.

completes one revolution, the corresponding sinusoid completes one

cycle. We see the frequency of the sinusoid is f Hz or Ω rads/s. Note

that we obtain a distinct sinusoid for every distinct frequency, and

the sinusoids are periodic for any frequency.

A similar representation applies to discrete-time sinusoids, as

shown in Fig. 6.
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3 CONTINUOUS- AND DISCRETE-TIME SINUSOIDS

Figure 6: The height of the discrete-time phasors generate a discrete-

time sinusoid.

One particularly important property of discrete-time sinusoids

is that distinct frequencies do not lead to distinct sinusoids. For

example, if ω = 2π + π
3 , we obtain the identical picture as Fig.

6. Increasing the angle between phasors by 2π + π
3 is identical to

increasing the angle by π
3 . In general, changing ω by any integer

multiple of 2π leads to identical sinusoids. It is straightforward to
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show this using trig identities. If m is an integer, then

sin ((ω + m2π)n + φ0) = sin (ωn + φ0 + m2πn)

= sin (ωn + φ0) cos (m2πn)

+ sin (m2πn) cos (ωn + φ0)

= sin (ωn + φ0)

The last line follows because sin (m2πn) = 0 and cos (m2πn) = 1.

Hence, discrete-time sinusoids are a unique function of ω only within

a 2π interval. This is why discrete-time frequency is normally limited

to the intervals −π < ω ≤ π or 0 ≤ ω < 2π.

Figure 4 reveals another unique property of discrete-time sinu-

soids: they are not guaranteed to be periodic! To see this, note

that the phase angle φ[n] must revisit the same values for the sinu-

soid to be periodic. There must be some integer value N for which

φ[N ] = φ[0]. This implies that the phasor lies exactly where it

started after N steps of size ω. That is, after N steps the phasor

must have traversed an angle which is an integer multiple of 2π.

This requires ω to be a rational multiple of π. If ω is not a rational

multiple of π, then there is no integer N for which the phase angle

φ[n] revisits the same values and the discrete-time sinusoid is not

periodic.

It follows that the discrete-time, discrete-valued frequency sinu-
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soid A sin
(
k 2π
N n + φ0

)
is always periodic. In this case the phasor

rotates in steps of size k 2π
N rads and always repeats in N steps.

Furthermore, the frequency lies in the interval 0 ≤ k 2π
N < 2π for

k = 0, 1, . . . N − 1.
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4 Converting Between Frequencies

It is straightforward to convert between the two continuous-time

frequency types or the two discrete-time frequency types. Simply

equating the continuous-time sinusoids gives

Ω = 2πf (1)

This is consistent with our understanding that there are 2π radians

in one cycle. Equating discrete-time sinusoids gives

ω = k
2π

N
(2)

Note that since k and N are integer, this relationship only holds for

ω a rational multiple of π.

Converting between continuous- and discrete-time frequencies re-

quires the concept of sampling. That is, we force the samples of the

continuous-time sinusoid to be equal to the discrete-time sinusoid in

order to establish correspondence between the two different frequen-

cies. If we evaluate x(t) = A cos (Ωt + φ0) at intervals of T using

t = nT , we obtain

x(nT ) = A cos (ΩnT + φ0)

Comparing this to x[n] = A cos (ωn + φ0), we see that x(nT ) = x[n]

provided

ω = ΩT (3)
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This relationship is also consistent with the units for each term

rads =

(
rads

s

)
s

Hence, using the relationship between Ω and f given by Eq. 1

we can relate discrete-time frequency to continuous-time frequency

in Hz as

ω = 2πfT (4)

The correspondence between discrete-time, discrete-valued fre-

quency and continuous-time frequency is best written by expressing

Ω or f as a function of k

Ω = k
2π

NT
(5)

f = k
1

NT
(6)

We can’t express k as a function of Ω or f in general because k must

be an integer. This condition restricts the possible values of Ω or f

for which the relationship is valid.

Table 2 summarizes the expressions that relate the different types

of frequencies used in signal processing. Note that we do not list

conversions “to” k since arbitrary values of Ω, f , and ω do not result

in integer values for k.
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Example 1. Suppose a 1 kHz sinusoid is sampled at intervals

T = 1/5000 s. Find the continuous-time frequency in rads/s and

discrete-time frequency in rads that corresponds to 1 kHz.

Solution: If f = 1000 Hz, then Ω = 2000π rads/s. Next using Eq.

4 we see that ω = 2000π/5000 = 0.4π rads.

Example 2. Suppose N = 100, the discrete-frequency index

k = 9, and the sampling interval T = 1/200 s. Find the corre-

sponding discrete-time frequency in rads, and the continuous-time

frequency in both rads/s and Hz.

Solution: First use Eq. 2 to obtain ω = 0.18π rads. Next using Eq.

6 we obtain f = 9/0.5 = 18 Hz. Finally, using either Eq. 1 or Eq. 5

we find Ω = 36π rads/s.

Table 2: Frequency Conversions

To

Ω f ω

From

Ω - f = Ω/(2π) ω = ΩT

f Ω = 2πf - ω = 2πfT

ω Ω = ω/T f = ω/(2πT ) -

k Ω = k2π/(NT ) f = k/(NT ) ω = k2π/N
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5 Conclusion

You will find that each of these four types of frequency play an

important role in signal processing. Many different signal-processing

problems will require you to understand and use the relationships

between them. Learning these relationships now will directly enhance

your signal-processing skill and ensure more advanced concepts are

readily grasped.
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